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Abstract-we introduce a new technique to obtain some new oscillation criteria for the oscillating 
coefficients delay differential equation with piecewise constant argument of the form 
r’(t) + a(t)%(t) + b(t)r([t - lc]) = 0, 
where a(t) and b(t) are right continuous functions on [-k, oo), k is a positive integer, and [.I denotes 
the greatest integer function. Our results improve and generalize the known results in the literature. 
Some examples are also given to demonstrate the advantage of our results. @ 2003 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
Consider the delay differential equation with piecewise constant argument of the form 
z’(t) + a(t)z(t) + b(Qz([t - k]) = 0, t 2 0, (1.1) 
where u(t) and b(t) are right continuous functions on [-k,oo), k is a positive integer, and [.I 
denotes the greatest integer function. When u(t) E 0, (1.1) reduces to 
z’(t) + b(t)s([t - k]) = 0, t 2 0. (14 
As mentioned in [l-3], delay differential equations with piecewise constant arguments rep- 
resent a hybrid of continuous and .discrete dynamical systems and combine the properties of 
both differential and difference equations. They have particular importance in control theory 
and certain biomedical problems. There have been many papers concerning these equations; see 
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also [4-151 and the comprehensive survey paper [IS]. However, most of these papers deal with 
the constant coefficients case (autonomous equations) or the case when b(t) 2 0. In particular, 
to the best of our knowledge, there is little in the way of results for the general case where the 
coefficient b(t) is oscillatory. See the above-mentioned references. 
By a solution of (1.1) we mean a function x(t) which is defined on the set {-k, -k + 1,. , 
-1,O) U (0, oo) and which satisfies the conditions: 
(i) z(t) is continuous on [0, 00); 
(ii) the derivative z’(t) exists at each point t E [O,oo), with the possible exception of the 
points [t] E [O, 00) where one-sided derivatives exist; 
(iii) equation (1.1) is satisfied on each interval [n,n + 1) for n E N(O), where N(no) := 
{n0,nO+l,...}, andno isanyinteger. 
As is customary, a nontrivial solution of (1.1) is said to be oscillatory if it has arbitrarily large 
zeros. Otherwise, it is said to be nonoscillatory. 
The purpose of this paper is to use some new techniques to obtain new oscillation conditions 
for equations (1.1) and (1.2) with oscillating coefficients. Our results improve and generalize the 
known results in the literature. Some examples are also given to demonstrate the advantage of 
our results. 
2. MAIN RESULTS 
THEOREM 2.1. Assume that 
(i) there exists a sequence of intervals {[In, m,]}r=, such that l,, m, are integers, m, I In+1 
and m, - 1, > 2k for n = 1,2,. . . , and that 
b(t) L 0, fort E fi[l,,m,]; (2.1) 
n=l 
(ii) 
where b(t), t E c [I, + km,); b(t) = n=l 
0, t E [O, 11 + k) U 
( 
nCjl[mn7 L+l + k) 
> 
Then all solutions of the differential equation (1.2) oscillate. 
(2.2) 
PROOF. Assume, for the sake of contradiction, that equation (1.2) has an eventually positive 
solution z(t). Then there exists an integer j 2 1 such that 
z(t - 2k) > 0, for t 2 lj. (2.3) 
First, we claim that 
J 
t+k 
6(s) ds < 1, for t 1 lj. (2.4) 
t 
In fact, by the definition of 6(t), we have 
03 
b(t) 2 6(t), fort E U[L,m,l, (2.5) 
?X=j 
and so co 
o’(t) + b(t)z([t - k]) I 0, t E UILmnl, (2.6) 
?Z=j 
which implies that s(t) is nonincreasing on [In, m,] for n 2 j. We consider four possible cases. 
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CASE 1. t E U,“=j[Z, + k,m, - k]. From (2.6), we have 
s 
t+k 
x(t + k) - x(t) + &s)x( [t - k]) ds 5 0, 
t 
which, by using the nonincreasing nature of z(t) on [In, m,] for n 2 i, yields 
x(t) 2 lt+k b(s)x([t - k]) ds 2 x(t) I”‘” 6(s) ds, 
and so 
s 
t+k 
6(s) ds < 1. 
t 
CASE 2. t E Uc&(mn - k, m,]. It follows from (2.7) that 
s 
t+k 
s 
t+k 
I 
mm 
b(s) ds 5 b(s) ds = @s)ds 5 1. 
t m,-k m,-k 
CASE 3. t E U~+[Zn,Zn + k). From (2.7), we have 
J 
t+k 
6(s) ds = 
t s 
t+k 
i;(s) ds 5 
L+k s 
1,+2k 
b(s) ds I 1. 
l,+k 
CASE 4. t E U,“=j[m,, Z,+i]. By the definition of 6(t), we have 
(2.7) 
(2.8) 
(2.9) 
s 
t+k 
b(s) ds = 0. (2.10) 
t 
Combining Cases 1-4, we see that (2.4) holds. 
Second, we claim that there exists a sequence of real numbers {ri} such that limi,, & = co 
and that 
lim sup x(ti - k) < o3 (2.11) 
i-co X(Ei) . 
In fact, it follows from (2.2) that limsup t+co $‘k b(s) ds > 0, which, together with (2.8)-(2.10), 
yields that there exists a sequence of integers {ni} (k < nr < 122 < . . . ) and ti E [Ini + k, rn,; - k] 
and c > 0 such that 
s 
ti+k 
6(s) ds 2 2c, i = 1,2,.... 
ti 
Thus, there exists & E (ti, ti + k), i = 1,2,. . . such that 
I Ei _ ti+k b(s)ds > c and s 6(s) ds 2 c. ti ‘5 
From (2.6), we have 
and 
s 
Ei 
x(G) - x(h) + &(s)x([t - k]) ds 5 0 
ti 
J ti+k x(ti + k) - x(C) + b(s)x([t - k]) ds 5 0. Ei 
Using the nonincreasing nature of x(t) in [Zn;,m,;], from (2.12)-(2.14), we get 
-z(&) + a(& - k) I 0 and -  X(Ei) + a(ti) I 0, 
(2.12) 
(2.13) 
(2.14) 
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or 
45 - k) < 1 
x(&i) - 3 
i=l,2,..., 
which implies that the second claim holds. 
It is the time to complete the proof of Theorem 2.1. 
Set X(t) = -x’(t)/z(t) for t 2 lj - k. Then X(t) > 0 for t E U,“=j[In,mn], and 
(2.15) 
or 
s 
t+k 
X(t) i;(s)ds = b(t) (l+k6(s)ds) exp (lmklA(s)ds) , t 1 lj. (2.16) 
t 
It is easy to show that 
cp(u)uez > (p(u)5 + (p(u) ln(eu + 1 - sgn u), for u 2 0 and x E R, (2.17) 
where ~(0) = 0 and V(U) > 0 for u > 0. 
We consider the two possible cases. 
CASE 1. t E U~cj[In,mn]. h(t) is right continuous because b(t) is right continuous, and so 
$‘k 6(s) ds = 0 implies that 6(t) = 0. Employing inequality (2.17) in (2.16), we get 
I 
t+k 
I 
t t+k 
X(t) b(s) ds 2 ii(t) X(s) ds + 6(t) In b(s) ds + 1 - sgn 
t P--k1 
CASE 2. t E U,“=.[m,,l,+l). b(t) = 0 and so 
s t+k w i;(s) ds t s t t+k = a(t) X(s) ds + 6(t) In 6(s) ds + 1 - sgn b-4 
Combining Cases 1 and 2, we obtain for t 1 li 
t-!-k 
X(t) 
s 
b(s) ds 
t s 
t t+k 
- S(t) X(s) ds 2 i;(t) In 6(s) ds + 1 - sgn 
[t-k1 
Thus, for i > 1, 
By interchanging the order of integration, we find that 
l:;+k J 
t 0) 
k-4 
X(s)dsdt 1 f;;;A(t)[+k6(s)dsdt. 
Substituting it into (2.18), we have 
(2.18) 
l::kx(t)[tka(,)dsdt 1 ~~~+kb(t)ln (eliki(s) -sgnl’k&(s)ds) dt. 
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It follows from (2.4) that 
/ 
ci 
6-k 
h(t)dtll(r.+kb(t)ln(e~‘kb(r)ds+l-sgni(Likb(a)ds) df 
or 
In 46 - k) 
X(ri> 
>jll.+kS(t)in(eJjf+kb(s)ds+l-sgn~kb(s)ds) dt. 
Taking the superior limit as i + 00, by using (2.1 l), we get 
~n~+ki(t)ln (elfit*i(s)ds+l -sgn[+*&s)ds) dt < 00. 
This contradicts (2.2) and completes the proof. 
THEOREM 2.2. Assume that b(t) > 0 for t 1 0 and 
(2.19) 
Then all solutions of the differential equation (1.2) oscillate. 
The conclusion of Theorem 2.2 follows from a similar argument to that in Theorem 2.1. We 
omit the details here. 
THEOREM 2.3. Assume that 
(i) there exists a sequence of intervals {[In, m,]}r!, such that l,, m, axe integers, m, 5 I,,+1 
and m, - 1, 2 2k for n = 1,2,. . . , and that 
00 
b(t) 2 0, fort E U [l,,m,l; 
n=l 
(ii) 
where 
I 
Wexp (~;+i.(4ds) 1 tE[l,+k+i,Z,+k+i+l), i=O,l,..., j,-1; 
m = b(t)exp(~~+~~a(S)ds), tE[L+k+.k,m,); 
0, t E [O, il+ k) U z [m,, L+l + k) , 
n=l > 
and j, is an integer such that m, - 1 < 1, + k + j, < m,. 
Then all solutions of equation (1 .l) oscillate. 
PROOF. First, we claim that all solutions of differential equation (1.1) oscillate if and only if all 
solutions of the differential equation 
d(t) + dt)d[t - 4) = 0, t 1 0, (2.20) 
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oscillate, where 
p(t) = b(t)exp (lwku(s)ds), t E [n,n+ l), n E N(0). (2.21) 
Indeed, let s(t) be a solution of equation (1.1). Then for any n E N(O), equation (1.1) can be 
written as 
(~(~)exp(i~u(~)ds))i+hjl)exp(~1~a(s)ds)z([t-X])exp(ln-*~(s)ds) =o. 
Let 
p(t) = b(t) exp ( S:_k 4s) ds) , y(t) = x(t) exp ( J/ut 4s) ds) ) t E [n,n+ 1). (2.22) 
Then, we obtain for t E [n,n + l), n E N(O), 
y’(t) +dt)y([t - 4) = 03 t 1 0. 
It follows from (2.22) that all solutions of equation (1.1) oscillate if and only if all solutions 
of (2.20) oscillate. 
The conclusion of the theorem follows from the above claim and Theorem 2.1 immediately. 
From Theorem 2.2 and the proof of Theorem 2.3, we have the following theorem. 
THEOREM 2.4. Assume that b(t) 2 0 for t > 0 and 
~WP(t)ln[e[+*p(s)ds+l-sgn([+kp(s)ds)] dt=oo, (2.23) 
where 
p(t) = b(t)exp (S,‘,a(s)ds) , t E [n,n+ l), n E N(0). (2.24) 
Then all solutions of the differential equation (1 .l) oscillate. 
EXAMPLE 2.1. Consider the equation 
x’(t) + &x(t) + b(t)x([t - 11) = 0, t 2 0, (2.25) 
where 
b(t) = sasin ft, t E [n,n + l), n E N(O), 
and a > 41i3(2 - a)fi/3 .1r/3. 
Let 1, = 6n, m, = 6n+3. Then Condition (i) in Theorem 2.3 holds, and by simple calculation 
we obtain 
i 
asin Tt 
3 ’ 
t E c [6n+1,6n+3), 
$4 = 
n=O 
0, tE[O,l)u 
{ 
c[6n+3,6n+7) . 
n=O > 
It is not difficult to see that 
~6P(t)ln[ejlt+lp(s)ds+1-sgn(~+1p(s)ds)] dt 
= a12sin:tln [e[+’ asin:sds] dt+aL3sinitln [ei3asinisds] dt 
= gin 
27(2+&?z3 >. 
3 
~mPOln L, 
7 
and so 
t+1 
t 
j$s)ds+l-sgn([+ip(s)ds)] dt=co. 
Thus, by Theorem 2.3, all solutions of equation (2.25) oscillate. 
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REMARK 2.1. It should be noted that b(t) < 0 for 3(2k - 1) < t < 6/c, Ic = 1,2,. , and so 
the coefficient b(t) is oscillatory. Thus, the above example does not satisfy the known oscillation 
conditions in the literature. 
EXAMPLE 2.2. Consider the equation 
x’(t) + &x(t) + b(t)x([t - 11) = 0, t 2 0, 
where 
(5001+ i + l)a 
b(t) = t+2 ’ 
t E [5001 -t i, 5ooz+ i + l), i = 0, 1, . ) 29; 
0, t E [5001 -t 30,500(1 + l)), 
1 E N(0) and e -2g/3o < a < 1. 
It is easy to see that for 1 E N(O), 
and 
F(t) = 
a, t E [5001,5001+ 30); 
0, t E [5001+ 30,500(1 + l)), 
~500~(t)ln[e~+1P(S)dS+1-sgn(~+1~(s)ds)] dt=aln(e2ga30) >O. 
It follows that 
g-,t,,n[e~+lp(s)dS+l-sF(~+‘p_(Q)dg)] dt=oo. 
Therefore, by Theorem 2.4, all solutions of equation (2.26) oscillate. 
REMARK 2.2. Let 
P,=exp(S:“a(s)ds), Q.=~~“b(t)exp(S:a(s)ds) dt. 
Then it is not difficult to see that 
QnPn-I = ln” b(t)exp (I’,a(s)ds) dt 
{ 
a < 1, n = 5001+ i, i = 0, 1, . . ) 29; 
= 
0, n = 5001+ j, j = 30,31, . . ,499, 
where 1 E N(O), and so 
lim sup Q,Pn-l = lim sup 
n-too I 
n”b(t)exp(l-la(s)ds) dt=a<l, 
71’co n 
lim inf QJ?,- 1 = l;“izf 
n-m I 
n+lb(t)exp(~mla(s)ds) dt=O<$, 
?I 
and when e-2g/3o < a < (3 - fi)/2, for any integer 1 2 0 
limsup Q,P,,-1 + & fi Qn-j-1Pn-j-2 <afa+a2+...+a7 < 1. 
71’00 i=o j=o 
(2.26) 
Therefore, all known results in the literature (see [6,10,11,16]) cannot be applied to (2.26) 
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